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ABSTRACT

Using a state-of-the-art semi analytic model for galaxy formation, we investigated in detail the e↵ects of black hole (BH) accretion
triggered by disk instabilities (DI) in isolated galaxies on the evolution of the AGN population. Specifically, we took on, developed,
and expanded the Hopkins & Quataert (2011, MNRAS, 411, 1027) model for the mass inflow following disk perturbations, based on
a physical description of nuclear inflows and tested against aimed N-body simulations. We compared the evolution of AGN due to
such a DI accretion mode with that arising in a scenario where galaxy interactions (IT mode) produce the sudden destabilization of
large quantities of gas feeding the AGN; this constitutes the standard AGN feeding mode implemented in the earliest versions of most
semi-analytic models. To study the maximal contribution of DI to the evolution of the AGN population, we extended and developed
the DI model to assess the e↵ects of changing the assumed disk surface density profile, and to obtain lower limits for the nuclear star
formation rates associated to the DI accretion mode. We obtained the following results: i) For AGN with luminosity M1450 >⇠ �26, the
DI mode can provide the BH accretion needed to match the observed AGN luminosity functions up to z ⇡ 4.5. In such a luminosity
range and redshift, it constitutes a viable candidate mechanism to fuel AGN, and can compete with the IT scenario as the main driver
of cosmological evolution of the AGN population. ii) The DI scenario cannot provide the observed abundance of high-luminosity
QSO with M1450  �26 AGN, as well as the abundance of high-redhshift z >⇠ 4.5 QSO with M1450  �24. As found in our earliest
works, the IT scenario provides an acceptable match to the observed luminosity functions up to z ⇡ 6. iii) The dispersion of the
distributions of Eddington ratio � for low- and intermediate-luminosity AGN (bolometric LAGN = 1043�1045 erg s�1) is predicted to be
much smaller in the DI scenario compared to the IT mode. iv) The above conclusions concerning the DI mode are robust with respect
to the explored variants of the DI model. We discuss the physical origin of our findings. Finally, we discuss how it is possible to pin
down the dominant fueling mechanism of AGN in the low-intermediate luminosity range M1450 >⇠ �26 where the DI and the IT modes
are both viable candidates as the main drivers of the AGN evolution. We show that an interesting discriminant could be provided by
the fraction of AGN with high Eddington ratios � � 0.5, since it increases with luminosity in the IT case, while the opposite is true in
the DI scenario.
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1. Introduction

Understanding the processes driving the growth and evolution
of the supermassive black holes (BHs) constitutes a major goal
in astrophysics. At the beginning of the past decade, it became
widely accepted that the such an evolution is strongly correlated
with that of the host galaxies, owing to the observed tightness
of the relations between the BH mass and the galaxy properties,
such as the stellar mass or the velocity dispersion of the bulge
(Kormendy & Richstone 1995; Magorrian et al. 1998, Ferrarese
& Merritt 2000; Gebhardt et al. 2000; Marconi & Hunt 2003;
Häring & Rix 2004; Aller & Richstone 2007). Together with
the observed low fraction of active galactic nuclei (AGN) and
with the strong cosmological evolution of the number density
of bright AGNs (see, e.g., Richards et al. 2006; Croom et al.
2009; Ueda et al. 2014; for a review see Merloni & Heinz 2013),
these measured relations strongly indicated that a major frac-
tion of the BH mass results from accretion of gas during rela-
tively short (duration ⌧ ⇡ 107 yrs) but intense (accretion rates
Ṁc ⇡ 1�10 M�/yr), repeated bursts (see, e.g., Shankar et al.
2009; Fiore et al. 2012).

? Appendices are available in electronic form at
http://www.aanda.org

Given this framework, the focus has progressively shifted to-
wards understanding the triggering mechanisms responsible for
such intense and short accretion episodes in the galaxy nuclei,
and on their relation with the cosmological evolution of galaxies.
However, connecting the nuclear accretion with the large-scale
properties of galaxies is not an easy task: even the matter located
at a radius of a few hundred pc from the central BH must lose
more than 99.99% of its angular momentum to be e↵ectively
accreted. Numerical simulations on galactic scales have shown
that gravitational torques induced by mergers (Hernquist 1989;
Barnes & Hernquist 1991; 1996; Heller & Shlosman 1994) or
instabilities in self-gravitating disks (Hernquist & Mihos 1995;
Bournaud et al. 2005; Eliche-Moral et al. 2008; Younger et al.
2008) – especially in gas rich, high-redshift galaxies (Bournaud
et al. 2007; Genzel et al. 2008) – are e↵ective in causing gas
inflow down to scales <⇠1 kpc. However, both theoretical argu-
ments (Schwarz 1984; Combes & Gerin 1985; Shlosman et al.
1989; Athanassoula 1992) and observational results (see Jogee
2006 for a review) strongly indicate that the transport of gas from
galactic scales down to the pc scale (where the BH gravity dom-
inates) requires additional physics.

Again, both external and internal triggers may be e↵ective
in providing additional loss of angular momentum. In the case
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of major mergers, as violent relaxation starts, the gas experi-
ences rapidly varying gravitational torques and su↵ers strong
shocks which can e↵ectively result in large gas inflows in the
central region (see Hopkins et al. 2010 and references therein).
In the case of isolated galaxies, recent simulations show that –
as the disky material at smaller radii becomes self-gravitating –
the large-scale bars might indeed trigger a cascade of secondary
gravitational instabilities that transport the gas towards the cen-
tre (Hopkins & Quataert 2010); the latter process resembles the
“bars within bar” scenario (see Shlosman et al. 1989; Friedli &
Martinet 1993; Heller & Shlosman 1994; Maciejewski & Sparke
2000) but includes a wider range of morphologies in the nuclear
region.

Assessing the role of such processes in determining the cos-
mological co-evolution of AGN and galaxies is a challenging
task. On the observational side, the situation is complex. On the
one hand, a correlation between strong galaxy interactions and
the AGN activity is found in very luminous QSOs with high
mass-accretion rates >⇠10 M� yr�1 (Disney et al. 1995; Bahcall
et al. 1997; Kirhakos et al. 1999; Hutchings 1987; Yates et al.
1989; Villar-Martin 2011, 2012; Treister et al. 2012). Recently,
a clear statistical increase in the AGN fraction in close pairs
of galaxies has been found by Ellison et al. (2011), while mi-
nor mergers as triggers for lower luminosity AGNs has been
proposed to explain the observational features in some nearby
galaxies (see, e.g., Combes et al. 2009). The discovery of double
AGNs (e.g., Hennawi et al. 2010; McGurk et al. 2011) adds sup-
port to a merger origin of the AGN activity. On the other hand,
various observational studies suggest that moderately luminous
AGN are typically not major-merger-driven at z <⇠ 1 (Salucci
et al. 1999; Grogin et al. 2005; Pierce et al. 2007; Georgakakis
et al. 2009; Cisternas et al. 2011; Villforth et al. 2014), and in-
terestingly also at z ⇡ 2 (Rosario et al. 2013a; Silverman et al.
2011; Kocevski et al. 2012). Bournaud et al. (2012) find a cor-
relation between the presence of violent instabilities and AGN
activity in gas-rich galaxies at high redshift, thanks to the pres-
ence of giant clumps of gas in the disk.

On the theoretical side, aimed, high-resolution N-body sim-
ulations can study specific galaxy systems, but understand-
ing the relative e↵ects of the disk instability (DI) and of the
galaxy interactions (IT thereafter) as AGN feeding modes re-
quires implementing the physics of nuclear gas inflows into
cosmological models of galaxy formation. In turn, this requires
an analytical description of such processes to be implemented
into existing semi-analytic models (see Baugh 2006 for an in-
troduction) or as sub-grid physics in cosmological simulations.
As for the IT scenario, multi-scale high-resolution hydrodynam-
ical N-body simulations are now resolving scales ⇠10 pc, show-
ing that collisions e�ciently cause most of the gas to flow to
the centre on timescales of a few dynamical times (see Hopkins
et al. 2010 and references therein); analytical – though simplified
– or phenomenological descriptions of the inflow determined
by mergers have been developed by several authors (see, e.g.,
Makino & Hut 1997; Cavaliere & Vittorini 2000) and then cal-
ibrated and tested against binary hydrodynamic merger simula-
tions (Robertson et al. 2006a,b; Cox et al. 2006; Hopkins et al.
2007b); here the fraction of galactic gas which is able to lose an-
gular momentum and flow to the centre is related to large relative
variations � j/ j of the gas specific angular momentum induced
by the interactions, which is in turn connected to the mass ratio
M0/M of the merging partners.

A di↵erent situation holds for the DI scenario. Until recently,
no analytic theory that accurately predicts the inflow rates of gas
in mixed stellar-plus-gas systems has been worked out; most

of the existing works have been based on the over-simplified
assumption of completely stellar or gaseous disks (see, e.g.,
Goldreich & Lynden-Bell 1965; Lin et al. 1969; Toomre 1969;
Lynden-Bell & Kalnajs 1972; Goldreich & Tremaine 1980;
Binney & Tremaine 1987; Shu et al. 1990; Ostriker et al. 1992).
In fact, the inflows driven by disk instability have been so far im-
plemented into semi-analytic models only through ansatz con-
cerning the fate of disk gas and stars when the disk becomes
unstable; for example, the model by Hirshman et al. (2012) as-
sumes that a tunable fraction of the gas mass exceeding the
threshold for instability is accreted onto the BH, while Fanidakis
et al. (2012) assume that all gas and stars in the disk are trans-
ferred to the bulge component, leading to more dramatic e↵ects.
Owing to the lack of an analytical description of the complex
physics involved in the transport of gas in the nuclear region, the
results strongly depend on the assumed prescriptions and may
actually over-estimate the real inflows attainable in the central
regions under realistic conditions.

Recently, however, a step forward in the description of the
gas inflow due to disk instabilities has been proposed by Hopkins
& Quataert (2011; HQ11 hereafter). The authors develop an
analytic model that attempts to account for the physics of an-
gular momentum transport and gas inflow from galactic scales
(⇡1 kpc) inwards to the nuclear scales ⇠10 pc where the BH
potential is dominant. The multi-component nature of the disk
is considered, and the inflow towards the BH is related to the
nuclear star formation. Such a model was tested by the authors
against pointed hydrodynamical simulations, so that at present it
constitutes a solid baseline for describing the BH accretion due
to disk instabilities.

In this work, we include the HQ11 model for disk instabil-
ity in an updated version of the Rome semi-analytic model of
galaxy formation (Menci et al. 2006, 2008) to compute the statis-
tical e↵ects of such an accretion mode on the AGN population,
within a cosmological context. The results are compared with
those obtained by assuming interactions as the only trigger of
AGN activity (our reference model). It is important to emphasize
that here we do not attempt to develop a best-fitting model, tun-
ing the relative role of the two accretion triggers. Our aim is to
study the maximal e↵ects of a physical model for BH accretion
triggered by disk instabilities onto the AGN and BH statistics
and to enlighten the main di↵erences with respect to the predic-
tions of purely interaction-driven models for AGN feeding. The
final goal – after comparing with observations – is to single out
the physical regimes where the di↵erent feeding modes may be
e↵ective.

The paper is organized as follows. In Sect. 3 we recall the
main properties of the semi-analytic model that we use, describ-
ing the modifications with respect to the previous version, and
test the updated model by comparing the predicted evolution
of the galaxy population with existing observations. In Sect. 4
we describe how we implement di↵erent BH accretion mecha-
nisms into our semi-analytic model. In Sect. 4.1 we recall our
reference model based on galaxy interactions, while in Sect. 4.2
we present our implementation of the HQ11 model for accre-
tion from disk instabilities. We also present extensions of the
HQ11 model obtained by relaxing or modifying some of the as-
sumptions of the original HQ11 model. We present our results in
Sect. 5, and Sect. 6 is devoted to discussion and conclusions.

2. The semi-analytic model

Our work is based on the semi-analytic model described in
Menci et al. (2006, 2008), to which we refer for details. Here we
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recall its key points and describe the main updates. The back-
bone is constituted of the merging trees of dark matter haloes,
generated through a Monte Carlo procedure on the basis of the
merging rates given by the Extended Press & Schechter (EPS)
formalism (see Bardeen et al. 1991; Lacey & Cole 1993; Bower
1991). After each merging event, the dark matter haloes included
in a larger object may survive as satellites, or sink to the centre
owing to dynamical friction to increase the mass of the central
dominant galaxy. The baryonic processes taking place in each
dark matter halo are then computed. The gas in the halo, ini-
tially set to have a density given by the universal baryon fraction
and to be at the virial temperature, cools due to atomic processes
and settles into a rotationally supported disk with mass Mc, disk
radius Rd, and disk circular velocity Vd, computed as in Mo et al.
(1998). The cooled gas Mc is gradually converted into stars, with
a rate Ṁ⇤ = Mc/⌧⇤ given by the Schmidt-Kennicut law with
⌧⇤ = 1 Gyr. In addition to the above “quiescent” mode of star
formation, galaxy interactions occurring in the same host dark
matter halo may induce the sudden conversion of a fraction f of
cold gas into stars on a short time-scale ⇠107�108 yrs given by
the duration of the interaction. The fraction f is related to the
mass ratio and to the relative velocity of the merging partners as
described in Menci et al. (2003). The energy released by the su-
pernovae associated to the total star formation returns a fraction
of the disk gas into the hot phase, providing the feedback needed
to prevent over-cooling. An additional source of feedback is pro-
vided by the energy radiated by the AGN, which corresponds to
the active accretion phase of the central BH; the detailed de-
scription of our implementation of the AGN feedback is given
in Menci et al. (2008). In our reference model, the triggering
and the luminosity of AGN are determined by galaxy interac-
tions as described in Sect. 4.1. Finally, the luminosity – in dif-
ferent bands – produced by the stellar populations of the galax-
ies are computed by convolving the star formation histories of
the galaxy progenitors with a synthetic spectral energy distribu-
tion, which we take from Bruzual & Charlot (2003) assuming a
Salpeter initial mass function.

With respect to the model version described in our previ-
ous works, we performed some changes that we describe be-
low. First, we included a treatment of the transfer of stellar mass
to the bulge during mergers. A canonical prescription in semi-
analytic models (see Khochfar & Silk 2006; Parry Eke & Frenk
2009; Benson & Devereux 2010; De Lucia et al. 2011) is to
assume that the stellar content of galaxies is transferred to the
bulge during major mergers characterized by stellar mass ratios
µ = M⇤1/M⇤2 of the merging partners that are larger than some
fixed fraction 0.2�0.3 calibrated through N-body simulations.
Recently, Hopkins et al. (2009) have shown that the distribution
of the bulge-to-total (B/T) ratio provides a better match to the ob-
servations when the transferred stellar mass in mergers is a func-
tion of both merger mass ratio and gas fraction in the progenitor
galaxies. Following these authors, we assume that in mergers
with µ � 0.2 only a fraction 1 � fgas of the disk mass is trans-
ferred to the bulge. The resulting B/T distribution is compared
with observations from Fisher & Drory (2011) and Lackner &
Gunn (2012) in Fig. 1; however, our next results (Sect. 5) will not
change appreciably if we make the canonical assumption that all
disk stars are transferred into the bulge during major mergers.

A second modification of our original model was to intro-
duce a description of the tidal stripping of stellar material from
satellite galaxies. We adopted exactly the treatment introduced
by Henriques & Thomas (2010) in the Munich semi-analytic
model, to which we refer for details. Here we just recall that
the model is based on the computation of the tidal radius for

each satellite galaxy, identified as the distance from the satellite
centre at which the radial forces acting on it cancel out (King
1962; Binney & Tremaine 1987; see also Taylor & Babul 2001).
These forces are the gravitational binding force of the satellite,
the tidal force from the central halo, and the centrifugal force.
In the simple approximation of nearly circular orbits and of an
isothermal halo density profile, such a radius can be expressed
as rt ⇡ �sat rsat/

p
2�halo, where �sat and �halo are the velocity

dispersions of the satellite and of the halo, respectively, and rsat
is the halocentric radius of the satellite, which we computed in
our Monte Carlo code during its orbital decay to the centre due
to dynamical friction. For each satellite galaxy, the material out-
side this radius is assumed to be disrupted and becomes a di↵use
stellar component in the host halo (see Henriques & Thomas
2010).

The above model constitutes our baseline for connecting the
growth of BHs to the properties of their host galaxies. Thus, we
first tested the updated version of our model to ensure it pro-
vides a reasonable account of the galactic properties and of their
evolution over a wide range of cosmic times, assuming a con-
cordance cosmology (see Spergel et al. 2007). In Fig. 1 we show
how the model predictions compare with di↵erent local observ-
ables: the stellar mass function, the B-band luminosity function,
and the ratio of the bulge to the total stellar mass. The good
matching indicates that the model provides a fair description of
both the (roughly) instantaneous and integrated star formation
rates and that our treatment of stellar mass stripping and mor-
phological transformations is consistent with observations.

As a further test we show in Fig. 2 (left panel) the predicted
local colour-magnitude distribution, which seems to capture the
well known bimodal nature of the observed distribution. To
quantify such a result, we compared in detail the predicted
colour distribution of galaxies with di↵erent magnitudes (the
right panel) with the SDSS (Sloan Digital Sky Survey) data.
Besides the mentioned colour bimodality, the fraction of red
galaxies continuously increases with increasing galaxy magni-
tude, as indicated by the data.

Finally, we tested that the evolution of the distribution of
the K-band luminosity (a proxy for the stellar mass content)
and of the UV luminosity (a proxy for the instantaneous star
formation rate) are in reasonable agreement with the observa-
tions over the whole range of cosmic times where observations
are available. This is done in detail in Fig. 3, where (in the left
panel) we compare our results with the observed evolution of
the K-band luminosity function from Cirasuolo et al. (2010) up
to redshifts ⇡3, and (in the right panel ) with the observed evolu-
tion of the UV luminosity functions of “dropout” galaxies from
di↵erent authors (see caption) up to redshifts z ⇡ 8. Since the
latter depends strongly on the colour selection adopted to select
the galaxy sample, we performed the same cuts in the colour–
colour plane as adopted in the observations to select U-dropout
galaxies at z ⇡ 3 (Giavalisco et al. 2004) B-, V-, and I-dropouts
(at z ⇡ 4, z ⇡ 5, z ⇡ 6, respectively, see Bouwens et al. 2007),
and infra-red dropouts at z � 7 (Bouwens et al. 2011). To ac-
count for uncertainties related to adopted dust-extinction curve,
our predictions are shown as shaded regions (see caption).

The comparisons above show that our semi-analytic model
provides a reasonable statistical description of basic physical
quantities (such as star formation rates, assembled stellar mass)
that determine the cosmological evolution of the galaxy popula-
tions over a wide interval of cosmic times, so that it constitutes a
solid “backbone” to connect the BH accretion (hence the ensuing
AGN evolution) to the physical properties of their host galaxies,
as we describe next.
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Fig. 1. Left panel: predicted luminosity function at z  0.1 (in bj band, solid line) compared with observations from Jones et al. (2006). Central
panel: predicted local stellar mass function (solid line) compared with data from Baldry et al. (2012, squares), Li & White (2009, triangles), Panter
et al. (2007, circles), and Fontana et al. (2006, diamonds). Right panel: the contour plot shows the predicted relative fraction of bulge-to-total mass
as a function of the galaxy stellar mass. This is compared with data from Fisher & Drory (2011). The corresponding distribution of B/T ratios
(di↵erential number of objects per B/T bin, normalized to the total number, solid line) is also compared with the SDSS data (Lackner & Gunn
2012, shaded histogram) in the rightmost panel, for galaxies in the magnitude range �24  Mr  �17.

Fig. 2. Left panel: predicted local colour–magnitude relation.
The colour code represents the number density of galaxies,
normalized to the maximum value. Right panels: predicted
colour distribution (di↵erential number of objects per colour
bin, normalized to the total number) for galaxies of di↵erent
magnitudes (histograms) is compared with the data from the
SDSS (Baldry et al. 2004, dots).

3. Implementing the AGN feeding processes

We have updated our semi-analytic model to include two di↵er-
ent modes for the BH accretion: i) an interaction-triggered (IT)
mode, where the triggering of the AGN activity is external and
provided by galaxy interactions (including both mergers and fly-
by), which can provide – for major interactions – a large relative
variation � j/ j of the angular momentum of the galactic gas; ii) a
mode where accretion occurs due to disk instabilities, where the
trigger is internal and provided by the break of the axial sym-
metry in the distribution of the galactic cold gas. In both cases,
a nuclear star formation is associated to the accretion flow trig-
gering the AGN.

Our modelling for the IT mode has been described in pre-
vious papers (starting from Menci et al. 2004, 2008; see also
Lamastra et al. 2013b), so we only give a brief account of it, to
recall its main properties. In this paper we expand on our imple-
mentation of the DI mode, which constitutes a novel component
of the semi-analytic model. It is based on the HQ11 analytical
model. Its detailed testing against high-resolution hydrodynami-
cal N-body simulations (see HQ11; Anglés-Alcázar et al. 2013)
makes it a reliable baseline for describing the accretion flow onto
the BH within the limits of the present modelling of instabili-
ties. We recompute the HQ11 model and extend it beyond the
assumption originally adopted by HQ11 to assess its robustness

and to compute the maximal impact that the DI mode can have on
the evolution of the AGN population under di↵erent hypotheses.

3.1. The interaction-driven model

As implemented in other semi-analytic models, galactic clumps
within a host halo undergo di↵erent processes. First, they lose
angular momentum from the dynamical friction and eventually
merge with the central galaxy; such a process is implemented
in our model by adopting the standard Chandrasekar expres-
sion for the dynamical friction timescale given in Lacey & Cole
(1993) that is adopted in most semi-analytic models (see also
Somerville & Primack 1999; Cole et al. 2000; for variants of
such a description see Somerville et al. 2012 and references
therein).

In addition, satellite galaxies with any given circular veloc-
ity vc (and tidal radius rt) may interact inside a host halo with
circular velocity V at a rate (Menci et al. 2002)

⌧�1
r = nT (V)⌃(rt, vc,V) Vrel(V), (1)

where nT is the number density of galaxies in the host halo, Vrel
the relative velocity between galaxies, and ⌃ the cross section for
such encounters. The above expression yields the probability for
fly-by encounters (not leading to a merging) for a geometrical
cross section ⌃ ⇠ ⇡hr2

t + r
02
t i, while it determines the probabil-

ity of a merging (binary aggregation) when the geometrical cross
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Fig. 3. Left panels: evolution of the K-band luminosity function predicted by the model (solid line) compared with the data from Cirasuolo et al.
(2010, squares). Right panels: predicted evolution of the UV luminosity function (shaded region) compared with observed distribution of dropout
galaxies. The shaded region encompasses the uncertainties due to the adopted extinction curve (Small Magellanic Cloud, Milky Way or Calzetti)
In each redshift bin, the model galaxies have been selected according to the same selection criterium as adopted in the observations (see text). Data
are taken from Reddy & Steidel (2009, dots), Bouwens et al. (2007, 2011, squares), and van der Burg et al. (2010, triangles).

section is suppressed by a factor ⇠v2c/V2
rel, which accounts for the

requirement that the orbital energy is transferred into internal de-
grees of freedom. The above appropriate cross sections are given
by Saslaw (1985) in terms of the tidal radius rt associated to a
galaxy with given circular velocity vc (Menci et al. 2004). The
binary merging of satellite galaxies is also implemented in other
semi-analytic models (see, e.g., Somerville & Primack 1999),
and the tidal stripping of satellite galaxies is also included in our
model as described in Menci et al. (2012).

The fraction f of cold gas destabilized by any kind of merg-
ing or interaction has been worked out by Cavaliere & Vittorini
(2000) in terms of the variation � j of the specific angular mo-
mentum j ⇡ GM/Vd of the gas to read (Menci et al. 2004) as

f ⇡ 1
2

����
� j
j

���� =
1
2

*
M0

M
Rd

b
Vd

Vrel

+
, (2)

where b is the impact parameter, evaluated as the greater of the
radius Rd and the average distance of the galaxies in the halo,
M0 is the mass of the partner galaxy in the interaction, and the av-
erage is performed over the probability of finding such a galaxy
in the same halo where the galaxy with mass M is located. The
pre-factor accounts for the probability 1/2 of inflow rather than
outflow related to the sign of � j. The AGN and starburst events
are triggered by all galaxy interactions including major mergers
(M ' M0), minor mergers (M ⌧ M0), and fly-by events. We as-
sume that in each interaction, one fourth of the destabilized frac-
tion f feeds the central BH, while the remaining fraction feeds
the circumnuclear starbursts (Sanders & Mirabel 1996). Thus,
the BH accretion rate is given by

dMBH

dt
=

1
4

f Mc

⌧b
, (3)

where the time-scale ⌧b = Rd/Vd is assumed to be the crossing
time of the destabilized galactic disk. The fraction of destabi-
lized gas in Eq. (2) is proportional to the mass ratio M0/M of the
merging partners; thus for grazing, low speed encounters (Rd ⇡ b
and Vrel ⇡ Vd) major mergers (with M0/M ⇡ 1) may lead to a
large relative variation in the gas angular momentum � j ⇡ j and
to a high accreted fraction f ⇠ 0.5.

3.2. The disk instability model

In this section, we a) recall the key points in the HQ11 compu-
tation of the inflow rate onto the BH, performed for a power-law
gas density profile; b) extend such a computation to treat di↵er-
ent (exponential) gas density profiles; c) based on the HQ11 sce-
nario we work out the star formation rate associated to a given
BH accretion rate; and d) discuss how the computed accretion
and star formation rates from disk instabilities actually represent
upper limits to the real rates. In fact, in this work we are inter-
ested in investigating the maximal contribution that – according
to present modelling – DI can give to the cosmological evolution
of AGN, in order to constrain the evolution physical conditions
where they may compete with, or even dominate, the contribu-
tion from galaxy interactions.

3.2.1. Computing the black hole accretion rate

As recalled in the Introduction, gas rich mergers and tidal inter-
actions are not the only ways to produce a net mass inflow into
the central region of the galaxies. In certain cases, secular growth
processes such as disk instabilities (DI) might play a crucial role
in feeding the central SMBH.
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From a modelling point of view, describing such an accretion
mode requires i) modelling the DI trigger; and ii) modelling the
corresponding inflow rate onto the BH. As for the first, a widely
used criterion for the onset of disk instabilities is that proposed
by Efstathiou et al. (1982) based on N-body simulations, which
states that a disk becomes unstable if its mass exceeds a critical
value:

Mcrit =
v2maxRd

G✏
, (4)

where Rd the scale length of the disk, and vmax is the maxi-
mum circular velocity considering all the galaxy components.
The latter is derived from velocity profiles computed assuming
a Navarro Frenk & White (1997, NFW) dark matter density pro-
file, and it includes the e↵ect of baryons following Mo et al.
(1998), as described in Menci et al. (2005). Here ✏ ⇠ 0.5�0.75 is
a parameter calibrated on simulations. The above criterion is the
one usually adopted in semi-analytic models: Hirschmann et al.
(2012) adopt a value ✏ = 0.75, and a similar value is adopted by
Fanidakis et al. (2011). ITo investigate the maximum e↵ect of
DI on the statistical evolution of AGN we also adopt the value
✏ = 0.75.

Computing the mass inflow rate onto the BH, and the associ-
ated nuclear star bursts, is a more complex situation. At present,
semi-analytical models only resort to ansatz tuned to maximize
the model agreement with observations; in Hirschmann et al.
(2012) the mass accretion rate is then calculated considering all
the mass exceeding the threshold to be added in the central bulge
and a tiny fraction of it (⇠10�3, motivated by the local BH-bulge
mass relation) to be accreted in the central BH according to an
exponential growth characterized by the Salpeter timescale. In
the GALFORM model, Bower et al. (2006) and Fanidakis et al.
(2012) assume that all the mass of the disk (not only the mass
in excess) is added to the central bulge, leading to an enhanced
e↵ectiveness of the whole process. The lack of an analytical de-
scription of the complex physics processes acting in the trans-
port of gas in the nuclear region means that the results strongly
depend on the assumed prescriptions and may actually overes-
timate the actual inflows attainable in the central regions under
realistic conditions.

Here we attempt to adopt a more physical treatment of the
mass inflow from disk instabilities. In particular, we take on the
analytical model proposed by HQ11, which aims at accounting
for the physics of angular momentum transport and gas inflow
from galactic scales (⇡1 kpc) inwards where the BH potential is
dominant. It considers the multi-component nature of the disk,
and the inflow towards the BH is related to the nuclear star for-
mation. In addition, such a model was tested by the authors
against aimed hydrodynamical simulations, so that at present it
constitutes a solid base for describing the BH accretion due to
disk instabilities.

The model investigates the response of the disk to an exter-
nal non-axisymmetric perturbation of the potential �a = |a|�0,
where the perturbation amplitude is |a| < 1. The unperturbed
system corresponds to an axisymmetric thin disk with a spheri-
cal component (BH, bulge and dark matter halo). While for pe-
riodic particle orbits the net angular momentum loss vanishes at
the first order in a, HQ11 show that the shocks generated by gas
particle in the condition of orbit crossing lead to a first-order ef-
fect. As a result, in the orbit crossing (non-linear) regime, they
obtain the orbit-averaged gas inflow rate

dMinfl

dt
= ⌃g(R) R2⌦

2
�a

V2
c

m
1 + @ln Vc/@ln R

(5)

where ⌃g(R) is the gas surface density profile; ⌦ the angular ve-
locity of the unperturbed disk, induced by both the bulge and the
disk mass enclosed within the radius R; Vc is the corresponding
circular velocity; m is the mode of the perturbations (the per-
turbed potential is m-fold symmetric, so that m = 0 corresponds
to axial symmetry); and marginal orbit crossing is assumed fol-
lowing HQ11. Here, our strategy is to maximize the e↵ects of DI
to single out the wider range of physical conditions where such a
process may be e↵ective in fueling AGNs. We therefore assume
that when disk instabilities are triggered Eq. (5) always holds.

The mass inflow rate in Eq. (5) is of first order in perturbation
amplitude, since it depends linearly on�a. To calculate the exact
value of the mass inflow rate, we need the analytic expression for
�a and ⌃g. The former is obtained in the WKB approximation
where the disk dominates the potential, while it is related to the
BH mass in the inner region where the BH gravity is dominant
(see Appendix A). The latter can be estimated assuming an equi-
librium between mass inflow rate due to the disk instability and
star formation rate (described in terms of its surface density ⌃⇤):

@
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⌃k
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The last equality follows after relating the star formation sur-
face density ⌃⇤ to the gas surface density ⌃g through the
Schmidt-Kennicut law d⌃⇤/dt = (⌃k/tk) ⇤ (⌃g/⌃k)⌘k , where the
timescale tk, the normalization ⌃k and the exponent ⌘k are de-
rived from fits to the observations: typical values (Bouché et al.
2007) are tk ⇡ 0.4 ⇥ 109 yr, ⌃k ⇡ 108 M� kpc�2, and ⌘k = 1.7,
but the real slope ⌘k is still subject to di↵erent observational es-
timates in the range 1.2 <⇠ ⌘k <⇠ 1.8 (see, e.g., Davies et al. 2007;
Hicks et al. 2009; Daddi et al. 2010; Genzel et al. 2010; Santini
et al. 2014), also depending on the redshift and on the properties
of the adopted galaxy sample.

There could be situations where the equilibrium described
by Eq. (6) does not hold: when star formation inhibits the mass
inflow completely, or when the gas inflow rate is higher than
star formation (Barnes & Hernquist, 1991). However, we later
show that these two di↵erent regimes yield a mass inflow onto
the central BH weaker than inflow obtained when the equilib-
rium is reached. Since our aim is to study the maximum e↵ects
of DI on the cosmological evolution of AGN, we retain the above
approach.

With Eqs. (5) and (6) it is possible to solve for both the gas
density (hence for the star formation) and the mass inflow. To
this aim (see Appendix A for a step-by-step computation), the
potential (hence �a in Eq. (5)) has to be evaluated in two re-
gions: an outer region where the disk gravity is dominant, and
an inner region where gravitational potential is dominated by the
BH. The radius RBH ⇠ 10�100 pc (depending on the BH mass)
marks the separations between the two regions, while the scale
Racc ⇠ 10�2�10�1 pc corresponds to the inner bound of the in-
nermost regions; inside this radius, star formation ceases and the
mass inflow can be assumed to be almost constant. The mass in-
flow at this radius Ṁinfl(Racc) corresponds to the final BH accre-
tion rate that we include in our semi-analytic model. The com-
putation of such a quantity is given in detail in Appendix A,
where it is expressed in terms of quantities evaluated far from
the very central region, at a “galactic” scale R0 ⇠ 100�1000 pc,
so that the central BH accretion rate can be easily connected to
the galactic properties of the host galaxy computed in our semi-
analytic model. This is done in Appendix A for a power-law scal-
ing of the disk surface density ⌃d ⇠ R�⌘d and in Appendix B for
an exponential disk profile. In the first case, ⌘d is calibrated on
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N-body simulations: our fiducial choice is to take the best-fitting
value ⌘d = 1/2 given by HQ11. Then, for a Kennicut-Schmidt
index ⌘k = 7/4 (as adopted by HQ11) the final result is

dMBH

dt
⌘ dMinfl(Racc)

dt
⇡

↵(⌘k, ⌘d) f 4/3
d

1 + 2.5 f �4/3
d (1 + f0/ fgas)
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Here MBH is the central BH mass, fd is the total disk mass frac-
tion, and Md and Mgas are the disk and the gas mass calculated
in R0. For physical values of 0  fd <⇠ 0.5, the above equa-
tion yields accretion rates that are indistinguishable from the
original formulation given in HQ11. The above equation relates
the BH accretion at the sub-resolution scale Racc to quantities
evaluated at the galactic scale R0 which are computed for each
galaxy by the semi-analytic model described in Sect. 2. Under
the assumptions adopted by HQ11 – the product Md(R0) R�3/2

0
is constant (as shown in our Appendix A), so that Eq. (7) can
be evaluated at any radius R0, provided it remains within the
range where the adopted assumptions for the scaling of the stel-
lar disk surface density remain valid (R0 <⇠ 1 kpc). The constant
↵(⌘k, ⌘d) ⇠ 0.1�5 is given in Eq. (A.14) and parameterizes the
strong dependence of the normalization on the exact value of ⌘k
of the Schmidt-Kennicutt law (see Appendix A). To maximize
the contribution of the DI mode to the evolution of AGN, in the
following we shall keep such a parameter to a maximum value
↵(⌘k, ⌘d) = 10. Finally, following HQ11, we assume Racc to be
equal to ⇠10�2RBH.

Since our semi-analytical model uses exponential-law den-
sity profiles to describe the disk surface density profile (at galac-
tic scales), we have also developed all the calculations for the
case of “exponential disks”. The resulting mass inflow rate is

dMBH

dt
⇡ ↵(⌘k) f 19/12

d
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M� yr�1 (9)

with Rd the exponential length of the disk, and all the calcula-
tions for exponential disks are shown in Appendix B. All the
factors in Eq. (9) are the same of Eq. (7); ↵(⌘k, ⌘d) = 0.1�1.2
(depending on ⌘k) is now given by Eq. (A.14) with ⌘d = 0. With
the choice Racc ⇠ 10�2RBH, the inflow is quite insensitive to the
exact values of Racc and RBH; however, when it is necessary (see
next section), we eventually take Racc ⇠ 0.1 pc and RBH ⇠ 10 pc.

3.2.2. Computing the nuclear star formation rate

Since the above models assume equilibrium between mass in-
flow and star formation, a star formation activity is always con-
nected to the BH acccretion rate given in Eqs. (7) or (9), and can
be computed in detail after Eq. (6), as shown in Appendix A.
As a result, a star formation rate Ṁ⇤,DI = A⇤,DIṀBH is ob-
tained, where the exact value of the proportionality constant
A⇤,DI >⇠ 102 depends on the detailed radial profile of the disk
potential and of the gas surface density. The e↵ects of chang-
ing A⇤,DI within the limits derived in Appendices A and B will
be quantitatively shown in the next section. Here we note that,

given a total amount of baryons available for accretion, increas-
ing A⇤,DI leads to a faster gas consumption, and hence to a lower
accretion rates at subsequent times, with the e↵ect of decreasing
the number of active AGNs. Thus, to investigate the maximum
impact of the DI mode on the growth of BHs and on the evolu-
tion of AGNs it is su�cient to adopt proper lower limits for the
DI star formation rate. This can be done within the framework
of the DI model introduced above, and the derivation is shown
(Appendix A, B) for both a power law and an exponential profile
of the disk surface density. We obtain a lower limit A⇤,DI = 100
(Eq. (A.18)) for a power-law profile (see Sect. A.5), correspond-
ing to the contribution to the star formation from the inner re-
gion R <⇠ RBH. This also constitutes a lower limit for the case
of an exponential disk, since in the inner region, the potential
determining the mass inflow is dominated by the BH and does
not depend on the assumed disk profile (see also Appendix B,
Eqs. (B.11)�(B.13)). The contribution to the star formation rate
from outer regions depends strongly on the assumed disk surface
density; in the case of a power-law profile, larger and larger con-
tributions are obtained when the power-law behaviour is extrap-
olated to regions far from the nucleus (see Eqs. (A.19)�(A.22)),
while in the case of an exponential profile (more realistic in re-
gions far from the BH sphere of influence R � RBH) we obtain
an additional contribution saturating to A⇤,DI = 60.

4. Results

We compute separately the e↵ects of the two accretion modes on
the AGN population. To compare with observations, the AGN
bolometric luminosity is computed as

LAGN = ⌘ c2 dMBH

dt
(10)

where dMBH/dt is taken from Eq. (3) for the IT mode, and from
Eq. (7) (or Eq. (9)) for the DI models. We adopt an energy-
conversion e�ciency ⌘ = 0.1 (see Yu & Tremaine 2002). The
luminosities in the UV and in the X-ray bands are computed
from the above expression using the bolometric correction given
in Marconi et al. (2004).

We stress again that in the present work we do not attempt
to find a best-fitting combination of the two accretion modes.
Rather, we are interested in isolating the e↵ects of the two ac-
cretion modes on the evolution of the AGN population, to single
out the physical regimes where they may be e↵ective in driving
the AGN evolution. Given that in our previous paper (and in the
following results), the IT mode has been shown to be able to pro-
vide acceptable fits to the observed evolution of the AGN popu-
lation, our strategy will be to maximize the possible DI accretion
rates in order to assess whether and for what kind of object we
expect it to be competitive with the IT mode. To this aim, we
explore the possible variants of the DI model provided by di↵er-
ent choices for i) the normalization ↵(⌘K, ⌘d) in Eq. (7), which in
turn is related to the present uncertainties concerning the slope of
the Kennicut-Schimdt law ⌘k; ii) the di↵erent disk surface den-
sity profiles, determining the slope ⌘d (see Sect. 3.2.1) and the
dependence of ṀBH on both the disk mass fraction and the gas
fraction (through the boundary condition A(RBH) in Appendix A;
iii) the star formation associated to the DI mode and discussed
in Sect. 3.2.2.

These quantities are not freely tunable, since they can only
vary within limits set by observations and simulations. The for-
mer set a limit for the Kennicut-Schmidt index 3/2  ⌘k  7/4
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(see Sect. 3.2.1). The latter provide a range of possible gas sur-
face density profiles ranging from ⌃g ⇠ R�3 to ⌃g ⇠ R�1, brack-
eting the e↵ects of the present uncertainties in the physics of
the inter-stellar medium (see Hopkins & Quataert 2010). These
mainly concern the e↵ective equation of state of the gas, which
widely varies from cases where it is quite sti↵ on small scales
(near-adiabatic, similar to what is adopted in the studies of
Mayer et al. 2007; Dotti et al. 2009), through cases where the
gas is allowed to cool to a cold isothermal floor and forms a
clumpy, inhomogeneous medium (on galactic scales, similar to
what is assumed in Bournaud et al. 2007; Teyssier et al. 2010),
and includes cases where the gas motions gain a significant con-
tribution from resolved turbulent motions, and the gas mass dis-
tribution can be highly inhomogeneous and clumpy. The above
range of uncertainty for the gas surface density profiles translates
(Eqs. (A.1), (A.2), (B.8)) into values ranging from ⌘d = 1/2 (the
HQ11 case) to ⌘d = 0 (our exponential case).

For the above ranges of uncertainty 3/2  ⌘k  7/4 and
0  ⌘d  1/2, the normalization of the BH accretion rates in
Eqs. (8) and (9) remains in the range 0.1 <⇠ ↵(⌘k, ⌘d)  5 (see
Sect. 3.2.1). To investigate the maximum impact of DI, we adopt
a safe normalization ↵(⌘k, ⌘d) = 10, the same as is considered by
HQ11 to constitute a definite upper limit. A final source of uncer-
tainty comes from the contribution to the nuclear star formation
rate from regions outside the BH sphere of influence R � RBH.
Assuming it to be zero sets a lower limit A⇤,DI = 100 for the nor-
malization of the nuclear star formation rate, which maximizes
the amount of inflowing gas feeding the BH accretion, as dis-
cussed in Sect. 3.2.2. We refer to the combination ↵ = 10 and
A⇤,DI = 100 as “maximal” DI model. In addition, we also explore
the e↵ect of the additional contribution to the nuclear starbursts
from regions far from the BH sphere of influence.

In sum, following the lines above, we explore three variants
of the DI mode:

• a fiducial case corresponding to the model adopted by HQ11
(Eq. (7)), computed assuming a power-law disk surface den-
sity profile ⌘d = 1/2 with a maximized value of the parame-
ter ↵(⌘K, ⌘d) = 10 (see Sect. 3.2.1), and assuming the lower
limit for the associated star formation rate A⇤,DI = 100 (see
Sect. 3.2.2 and Appendix A).
• the case of an exponential profile for the disk surface density

(Eq. (9)), keeping the same values for ↵(⌘K, ⌘d) = 10 and
A⇤,DI = 100 (see Sect. 3.2.2 and Appendix B).

• a model with enhanced star formation rate associated to DI
(for a power-law profile). It assumes a normalization of the
star formation associated to DI above the lower limits derived
in Sect. 3.2.2, with an additional contribution A⇤,DI = 100
from regions far from the BH sphere of influence (R � RBH).

Having defined our reference set of DI cases, we proceed to
study the evolution of the AGN population under di↵erent trig-
gering models.

4.1. Evolution of the AGN luminosity function and BH mass
function

The evolution of the AGN UV luminosity funtions predicted in
the IT scenario is compared with the one corresponding to the
DI mode in Fig. 4. The luminosity functions are computed in
the UV band at � = 1450 Å, where most of the UV rest frame
data on AGN are collected and where the average AGN emission
shows the peak in the spectral energy distribution, which is rep-
resentative of the overall bolometric emission. The predictions
are compared with data taken from di↵erent bands, including

the X-ray data (corrected for obscuration) by La Franca et al.
(2005); Ebrero et al. (2009) at low redshifts z <⇠ 1.5, the X-ray
data for objects in the COSMOS field by Brusa et al. (2010);
Civano et al. (2011); and the Chandra X-ray data for objects de-
tected at z � 4 in the GOODS south field by Fiore et al. (2012).
These are converted to the UV with the bolometric corrections
in Marconi et al. (2004). Details on the conversion procedure are
given in Fiore et al. (2012) and Giallongo et al. (2012).

The results shown in Fig. 4 indicate that none of the vari-
ants of the DI mode can provide the accretion needed to ob-
tain high-luminosity QSO with M1450  �26, especially at red-
shifts z >⇠ 3.5. This is because the accretion rates in Eqs. (7)
and (9) have a mild dependence on the BH mass, but depend
very strongly on the disk mass fraction and on the gas mass frac-
tions ( fd and fgas). Thus, in galaxies with a relatively low gas
fraction, or in galaxies with a large B/T ratio, the DI mode is
more suppressed than the IT mode. As expected DI can instead
be very e↵ective in the range of galaxy masses (and AGN lumi-
nosities) dominated by disk galaxies �25 <⇠ M1450 <⇠ �22. While
we must keep in mind that the predicted DI luminosity functions
in Fig. 4 constitute upper limits, the results show that in such
a magnitude range the DI accretion rates could compete with
– or even overtake – those attained in the IT scenario, at least
for redshifts z <⇠ 3.5. At higher redshifts, although galaxies are
surely gas rich with large fgas ⇠ 1, the typical disk mass fraction
fd decreases since – in the standard scenario assumed in semi-
analytic models – the frequent major interactions continuously
disrupt the forming disks.

Within the assumed modelling for the inflow driven by DI,
our fiducial DI case constitutes an e↵ective upper limit for the
bright end of the luminosity function. Increasing the associated
star formation A⇤,DI above the lower limit A⇤,DI = 100 would
yield lower luminosity functions, as shown in Fig. 4, for the rea-
sons explained in Sect. 3.2.2. Changing the disk power-law den-
sity profile assumed in the original version of HQ11 to an expo-
nential profile also results in a lower abundance of bright AGN.
Indeed, the same fiducial model must be regarded as an e↵ec-
tive upper limit, since the assumed value for the normalization
↵(⌘K, ⌘d) = 10 is actually appreciably higher than any value at-
tained with realistic values of ⌘k and ⌘d, as shown in Appendix A
(see Eq. (A.14) and the text below).

For the IT model, the results presented here are very similar
to those obtained in the earlier version of our model (see, e.g.,
Giallongo et al. 2012), and show an acceptable matching with
the data. For z � 4.5 the real size of the model over-prediction
with respect to the faintest data points still has to be assessed.
In fact, the observations by Fiore et al. (2012) could be a↵ected
by several uncertainties and significant incompleteness. The ob-
jects have been selected from very deep Hubble Space Telescope
near infrared images at H ⇡ 27 and measured at the faintest
X-ray fluxes of FX ⇡ 2 ⇥ 1017 erg s�1 cm�2. At the lowest
X-ray luminosities, objects with relatively high X/optical ratio,
and consequently with H > 27, are lacking in their survey. As
a consequence, uncertainties in the Fiore et al. (2012) luminos-
ity functions data due to systematic errors could be larger than
shown in the figure based on number statistics.

While the above result strongly disfavour DIs as the domi-
nant accretion mode in high-luminosity AGNs, they also indi-
cate that it could be as e↵ective as the IT mode (or even more)
in intermediate-luminosity AGNs especially at intermediate red-
shifts 2 <⇠ z <⇠ 3.5. This is the epoch where massive star forma-
tion – possibly triggered by DI in gas-rich objects – is observed
in disk galaxies (Bournaud et al. 2007; Genzel et al. 2008). Thus,
we can seek proper observables able to assess whether one of
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Fig. 4. Predicted evolution of the AGN luminosity function in
the UV band (at 1450 Å). Solid black lines refer to the IT sce-
nario, and red solid lines to the DI model. We also plot variants
of the DI model: dashed lines refer to the DI model computed
with an exponential profile, while dotted lines to the DI model
with increased star formation (see text). We compare with ob-
served UV luminosity functions by Richards et al. (2006, solid
squares), Croom et al. (2009, solid circles at z < 3 ), Siana
et al. (2008, open squares), Bongiorno et al. (2007, open cir-
cles), Fontanot et al. (2007, solid diamonds), Glikman et al.
(2011, big filled circles at z = 4.25), Jiang et al. (2009; solid
squares at z � 6). We also include luminosity functions from
X-ray observations, converted to UV through the bolometric
corrections in Marconi et al. (2004): the shaded region brack-
ets the determinations derived in the X-ray band at z  2 by
La Franca et al. (2005), Ebrero et al. (2009), Aird et al. (2010),
while at higher redshifts we plot data from Fiore et al. (2012,
penthagons), Brusa et al. (2010, triangle), Civano et al. (2011,
green empty squares).

the two modes clearly dominates in this luminosity and redshift
range.

A possible approach could be to seek for signatures in the
BH mass function and/or in the MBH � M⇤ relation. The former
statistically describes the growth of BH masses corresponding
to the evolution of the BH accretion rates shown in Fig. 4. Our
predictions for such a quantity are presented for both the IT and
the fiducial DI models in Fig. 5. At low redshifts the predictions
are compared with a compilation of data (Shankar et al. 2009).
While current data do not allow to distinguishing between the
DI and the IT scenario at low redshift z <⇠ 0.3, the predicted
evolution of the BH mass funtions di↵ers appreciably at higher
redshifts; in particular, as expected from the evolution of the
AGN luminosity functions, DI provide a much lower abundance
of massive BH at z >⇠ 1.

4.2. The MBH �M⇤ relation

A larger di↵erence between the IT and the DI prediction is
shown by the local MBH � M⇤ relation, shown in Fig. 6. While
both the IT and the DI accretion modes provide a local relation
consistent with observations, the slope and – most of all – the
scatter di↵er appreciably. While present data do not allow a clear
preference for one of the two modes, it is interesting to note that
the large scatter characteristic of the IT mode comes from the

variance in the merging histories, which has a strong impact in
a model where interactions provide the trigger and the power of
the AGN emission; the origin of such a variance can be visual-
ized through the paths followed by AGN host to reach their final
position in the MBH � M⇤ plane.

Such paths include situations in which the progenitor of
present-day massive BH are characterized by an early acceler-
ated phase of BH growth, which brings them above the local
relation at early times z >⇠ 4, followed by a later phase where the
BH growth appreciably decelerates while the “quiescent” star
formation gradually increases the stellar content of their host
galaxies, and these paths are those leading to the early building
up of large-mass BHs at high redshifts z >⇠ 4. The paths passing
below the local relation instead correspond to galaxies retaining
a large fraction of their gas down to late cosmic epoch, so that
they form stars at very high rates down to z ⇡ 2 (the most star
forming objects are those corresponding to SMG, see Lamastra
et al. 2010). Such a large variance in the paths leading to the lo-
cal relation is missing in the DI scenario, where the trigger and
the accretion rate of AGN are provided by internal properties
which are less prone to the merging history. Indeed, in the DI the
paths are confined in a small region of the plane; the growth of
BH follows a corresponding growth of the stellar mass content,
and phases where either ṀBH or Ṁ⇤ largely dominate are absent.
This means that we expect a tight correlation between the AGN
luminosity and the star formation rate in the host galaxy. This
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Fig. 5. Predicted evolution of the BH mass
function in the IT scenario (solid black lines)
and in the DI model (solid red line). The shaded
region defines the spread in observational es-
timates obtained using di↵erent methods, as
compiled by Shankar et al. (2009).

constitutes an interesting point that we shall investigate in detail
in a following paper.

4.3. The distributions of the Eddington ratio

The di↵erent paths characterizing the BH growth in the IT and
DI models suggest that the specific growth rate ṀBH/MBH could
constitute an e↵ective quantity for distinguishing the two modes;
thus, we investigated how the distributions of Eddington ratio
� = LAGN/LEdd (here LEdd / MBH is the Eddington luminosity,
and LAGN / ṀBH after Eq. (10)) compares with present obser-
vations. The result is presented in Fig. 7, where the AGN bolo-
metric luminosity is shown as a function of the BH masses for
the IT and DI scenarios, in two redshift bins. Luminosities cor-
responding to Eddington ratios � = 1, � = 10�1, and � = 10�2

are also shown. Here the distributions appear substantially dif-
ferent when the IT or the DI modes are assumed. In the former
case, a wide spread is present for most of the explored luminos-
ity range, while the average value of � increases with increas-
ing LAGN, to reach values � ⇡ 1 at the highest luminosities.
Conversely, for the DI scenarios the distributions are charac-
terized by average values of � increasing for decreasing lumi-
nosities and by a small scatter. This is expected, owing to the
tighter region of the parameter space (gas rich fgas ⇠ 1, disk
dominated fd ⇠ 1 dominated galaxies) where the DI mode is
expected to be e↵ective after Eq. (7), and also to the smaller
variance associated to the merging histories when an internal
trigger is assumed, as we discussed above. We compare our
predictions with data from Rosario et al. (2013a,b), derived
from spectroscopically observed AGN in the COSMOS field at
0.5 < z < 2.2 with reliably BH mass estimates from multi-
ple optical spectroscopic surveys: the Sloan Digital Sky Survey
(DR7; Abazajian et al. 2009), the zCOSMOS bright and deep
surveys (Lilly et al. 2007), Magellan/IMACS program (Trump
et al. 2009). BH masses were computed using virial relationships
and H� and MgII emission lines (Trakhtenbrot & Netzer 2012),
while bolometric luminosities were estimated using bolometric
corrections to the monochromatic luminosities at either 5100 Å
or 3000 Å rest frame. The choices of bolometric corrections are

derived in Trakhtenbrot & Netzer (2012) and are consistent with
the prescriptions of Marconi et al. (2004).

We note that at low AGN luminosities the comparison with
data is a↵ected by the observational bias set by the flux limit of
the sample. This corresponds to LAGN ⇠ 1044.2 erg/s at z = 0.5�1
and LAGN ⇠ 1044.7 erg/s at z = 1.5�2. At low redshift z = 0.5�1,
where the flux limit could still allow the low-luminosity end of
the distribution to be probed, the comparison with the model is
a↵ected by the paucity of data points. This is due to a further se-
lection bias, since the zCOSMOS AGN, which statistically dom-
inate the sample, were specifically chosen to include the MgII
line, which enters into the wavelength range of the zCOSMOS
bright spectra at z ⇠ 1.

Since the distribution of AGN in the LAGN � MBH plane is
appreciably di↵erent for the DI and IT cases, a possible way of
determining which of the two modes dominates the accretion for
intermediate- and low-luminosity AGN could consist in compar-
ing the corresponding distributions of Eddington ratios � with
present observations at low redshifts, where low-luminosity ob-
jects are accessible to observations; in fact, for such AGN, the
IT mode is expected to yield distributions with larger variance
and skewed to values 10�2 <⇠ � <⇠ 10�1, while higher values of �
and less scatter are expected for the DI mode.

However, when the model predictions for the two modes are
compared with the data (see Fig. 8) we face with a complex
situation; in fact, the observational distributions (at least) de-
pend on i) the method adopted to select AGN; ii) the adopted
bolometric correction; iii) the method adopted to measure the
BH mass (for a discussion of the above points, see, e.g., Netzer
et al. 2009a,b and references therein). This is illustrated in the
top left-hand panel, where we compare with low-redshift data
for AGN with LAGN < 1046 erg s�1 taken from Hickox et al.
(2009) and Kollmeier et al. (2006). The former refer to AGN
at 0.25 < z < 0.8 selected in di↵erent wavebands. The radio
data are taken from the Westerbork Synthesis Radio Telescope
1.4 GHz radio survey (de Vries et al. 2002), the X-ray data are
from the XBootes survey, covering the full AGES (AGN and
Galaxy Evolution Survey) spectroscopic region (Murray et al.
2005; Kenter et al. 2005), while the mid-infared data are from
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Fig. 6. Local MBH � M⇤ relation for the IT model (left panels) and the DI model (right panels). Data points represent the observed local relation
from Häring & Rix (2004, diamonds), and Marconi & Hunt (2003, squares, here M⇤ is derived using the best-fitting virial relation of Cappellari
et al. 2006); the colour code represents the fraction of AGN as a function of MBH for any given value of M⇤, as indicated by the colour bar. We also
show some of the paths in the MBH(t) � M⇤(t) plane followed, during their evolution, by BHs (and by their host galaxies) reaching a final mass of
MBH(z = 0) � 109 M�.

Fig. 7. Predicted distribution of AGN in the LAGN � MBH plane for the IT (left) and DI (right) models is compared with data from Rosario et al.
(2013a,b) in two redshift bins. The lines corresponding to Eddington ratio � = 1, � = 0.1 and � = 0.01 are also indicated.
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Fig. 8. Top left panel: predicted distributions of the Eddington ratio � in the IT (solid black line) and DI (solid red line) scenarios for AGN with
bolometric luminosity LAGN < 1046 erg s�1 at z  0.5. They are compared with di↵erent sets of data (see text for details): a sample of X-ray-selected
AGN (dashed violet histogram), of IR-selected (dashed histogram) and Radio selected AGN (dotted histogram) from Hickox et al. (2009), and the
sub-sample of X-ray and IR AGN from Kollmeier et al. (2006, dark green histogram) corresponding to z  0.5. Top right panel: as above, but for
luminous AGN with LAGN > 1046 erg s�1 at z  1.2. The dashed histogram represents observational results from Kollmeier et al. (2006). Bottom
left panel: as above, but for AGN with BH masses in the range 107 M�  MBH  08 M�. Here we compare with data from Kau↵mann & Heckman
(2009, histogram). Bottom right panel: fraction of AGN with high Eddington ratios � � 0.5 as a function of the AGN bolometric luminosity LAGN,
at z = 2. As above, the solid black line corresponds to the IT mode and the solid red line to the DI case. The points are computed from the data by
Rosario et al. (2013a,b) shown in Fig. 7.

the Spitzer IRAC Shallow Survey covering the full AGES field
in all four IRAC bands (Eisenhardt et al. 2004). The authors base
their estimate MBH on the LB,bul � MBH relation after estimating
the bulge luminosity of the host galaxy in the B band, while the
bolometric luminosity for X-ray AGN are derived from the bolo-
metric correction of Hopkins et al. (2007); for radio AGNs that
are not detected in X-rays, they used the X-ray stacking results to
derive approximate upper limits on the X-ray AGN luminosity,
while for IR AGNs that are not detected in X-rays, Lbol is de-
rived from the rest-frame 4.5 µm luminosity. We also compare
this with data from Kollmeier et al. (2006), derived from the
AGES survey and consisting of X-ray (XBootes survey, Murray
et al. 2005, Kenter et al. 2005) or mid-infrared (Eisenhardt et al.
2004) point sources with optical magnitude R  21.5 mag and
optical emission-line spectra characteristic of AGNs. Black hole
masses were estimated using virial relationships and H� MgII,
and CIV emission-line widths, while bolometric luminosities
were estimated using the bolometric correction of Kaspi et al.
(2000) to the monochromatic luminosities at 5100 Å.

The comparison in Fig. 8 (top-left panel) shows that, while a
marked di↵erence is indeed apparent between model predictions
for the IT mode and the DI mode, the observational distributions
for X-ray-selected AGN (Hickox et al. 2009) extend to lower
values of � with respect to IR AGN, while radio-selected objects

show a distribution peaked to much lower values of �. While
the X-ray homogeneous sample in Hickox et al. (2009) would
favour the IT accretion mode, the mixed IR+X-ray data by
Kollmeier et al. (2006) are instead best matched my the DI mode
predictions, showing the impact of adopting di↵erent methods
to measure BH masses on the comparison with model predic-
tions. Again scatter constitutes a crucial diagnostics for pinning
down the dominant accretion mode for low- and intermediate-
luminosity AGN (see also Shankar et al. 2013). Much weaker
constraints come instead from luminous AGN (top-left panel),
where the two modes yield similar distributions and scatter. For
luminous AGN, however, we know from the results in Fig. 4
that IT mode must dominate, since accretion from DI does not
provide the observed abundance of bright AGN.

We also compare (Fig. 8, bottom left panel) with data for
low-mass BHs (107  MBH/M�  108) taken from Kau↵mann
& Heckman (2009). Their sample is drawn from the Data
Release 4 of the SDSS at z '0.2 (York et al. 2000; Adelman-
McCarthy et al. 2006). AGN are identified from their position in
the [O III](� = 5007 Å)/H� versus [N II](� = 6583 Å)/H↵ di-
agram, as discussed in Kau↵mann et al. (2003). Here LAGN is
derived from the luminosity LOIII of the [OIII](� = 5007 Å)
line after applying a bolometric correction that they estimate in
the range 500�800, while BH masses were estimated using the
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stellar velocity dispersions measured from the SDSS spectra and
the formula given in Tremaine et al. (2002). Within the limi-
tations of available data � a↵ected by substantial uncertainties
concerning the bolometric correction, the measurements of the
BH mass, and selection e↵ects � the spread and the peak of the
observed distribution seem to favour the IT scenario, but conclu-
sive evidence is still missing. Also �-distributions with a large
spread are indicated by analysis of the observed AGN duty cy-
cles (see Shankar et al. 2013).

Thus, at present the observational situation does not allow
defining a definite distinction between the DI and the IT ac-
cretion modes. The key point is to assess whether low- and
intermediate- luminosity AGN have a narrow distribution of
� peaked at � ⇠ 1 (as predicted for the DI mode) or a wider dis-
tribution extending to � ⇠ 10�1�10�2. Thus, a straightforward
observational test is constituted by the fraction of AGN with high
(� � 0.5) Eddington ratios as a function of the AGN luminosity
(choosing a redshift bin where significant statistics is ensured,
2  z  3). The opposite behaviour is then predicted when IT
and DI are assumed as dominant accretion modes, as shown in
the bottom right-hand panel of Fig. 8. We stress again that, while
the dominance of the IT mode for bright AGN results from the
luminosity functions in Fig. 4, the interesting test is constituted
by the low-luminosity region of the plot, where an increasing
fraction for lower luminosities would clearly point towards the
e↵ectiveness of DI in triggering AGN; however, present data
(taken by integrating the LAGN � MBH data by Rosario et al.
2013a,b shown in Fig. 7) – although consistent with a dominance
of the IT mode for luminous AGN – still do not allow probing
the low-luminosity range. Measuring such a quantity and com-
paring it with the predicted distributions could provide a clear
observational test to assess whether DI may be the dominant ac-
cretion mode for intermediate-low AGN luminosities.

5. Discussion and conclusions

Using a a state-of-the-art semi analytic model for galaxy forma-
tion, we have made a detailed investigation of the e↵ects of ac-
cretion triggered by disk instabilities (DI) in isolated galaxies on
the evolution of the AGN population and on the corresponding
growth of massive BHs. Specifically, we took on, developed, and
expanded the Hopkins & Quataert (2011, HQ11) model for the
mass inflow following disk perturbations, based on a physical
description of nuclear inflows and tested against aimed N-body
simulations.

We compared the evolution of AGNs due to this DI accre-
tion mode with that arising in a scenario where galaxy interac-
tions produce the sudden destabilization of large quantities of
gas feeding the AGN (interaction-triggered – IT – mode). This
constitutes the standard AGN feeding mode implemented in the
earliest versions of our semi-analytic model, and has was ex-
tensively tested in our previous works. Here we did not attempt
to develop a best-fitting model including both accretion modes,
but rather we investigated the e↵ects of assuming DI or IT as
dominant modes studying the maximal contribution of DI to
the evolution of the AGN population, within the framework of
the HQ11 model for nuclear inflow. To this aim, we extended
and developed the HQ11 model for DI to assess the e↵ects of
changing the assumed disk surface density profile and the asso-
ciated nuclear star formation rates within the limits provided by
N-body simulations. The goal was to investigate how often and
to what extent the galaxy properties evolving in a cosmological
context (and described through a semi-analytic model) provide

the nuclear inflows associated to disk instabilities in ultra-high
resolution simulations. We obtained the following results:

• For luminosity M1450 >⇠ �26 AGN, the DI mode can provide
the BH accretion needed to match the observed AGN lumi-
nosity functions up to z ⇡ 4.5. In such a luminosity range and
redshift, it constitutes a viable candidate mechanism for fuel-
ing AGN, and can compete with the IT scenario as the main
driver of the cosmological evolution of the AGN population.
• The DI scenario cannot provide the observed abundance of

high-luminosity QSO with M1450  �26 AGN, as well as the
abundance of high-redshift z >⇠ 4.5 QSO with M1450  �24.
This is because the strong dependence of the BH accretion
rate on the gas fraction fgas and on the B/T ratio in the HQ11
model limits the e↵ectiveness of such an accretion mode in
massive galaxies; at high redshifts, the frequent major merg-
ers predicted to take place at high redshifts z >⇠ 5 in the host
galaxies cause the rapid destruction of disks and then lower
the accretion rate in the DI mode due to its strong dependence
on the disk mass fraction fd. As found in our previous works,
the IT scenario provides an acceptable match to the observed
luminosity functions up to z ⇡ 6.
• The above conclusions concerning the DI mode do not change

when a di↵erent (exponential) surface density profile is as-
sumed for the disk with respect to the original HQ11 model,
or when nuclear star formation rates higher than the lower lim-
its derived in the framework of the HQ11 model are assumed.
Indeed, the latter e↵ect decreases the cold gas supply in the
host galaxies and hence suppresses the e↵ect of the DI accre-
tion rates, leading to lower luminosity functions.
• The BH mass distribution predicted in the DI and IT scenarios

at z <⇠ 0.3 are consistent with present observational con-
straints, although the IT model provides a better fit to the
high-mass end. Also, the observed local MBH � M⇤ relation
is consistent with what is predicted in both the DI and IT sce-
narios. However, the DI scenario provides a slightly steeper
slope of the relation, and, most of all, an appreciably smaller
scatter. Such a di↵erence comes from the larger variance in
the paths followed by the AGN hosts to reach their final posi-
tion in the MBH � M⇤ plane in the IT scenario; in fact, in such
a case, the trigger and the size of the BH accretion directly
depend on the merging histories and are thus heavily a↵ected
by the associated variance. On the contrary, in the DI case the
paths are confined to a small region of the plane. The growth
of BH follows a corresponding growth of the stellar mass con-
tent, and phases where either ṀBH or Ṁ⇤ largely dominate are
absent. This means that we expect a tight correlation between
the AGN luminosity and the star formation rate in the host
galaxy. This constitutes an interesting point that we shall in-
vestigate in detail in a subsequent paper.
• The distribution of the Eddington ratio � can constitute an ef-

fective probe to pin down the dominant fueling mechanism
of AGN in the low-intermediate luminosity range LAGN <
1046 erg s�1, where the DI and the IT modes are both viable
candidates as the main drivers of the AGN evolution. In fact,
for these AGN, the IT mode is expected to yield distributions
with larger variance and skewed to values 10�2 <⇠ � <⇠ 10�1,
while higher values of � and a much smaller scatter are ex-
pected for the DI mode. We note that tuning the DI mode so as
to yield lower values for the Eddington ratio � would result in
a severe under-prediction of the abundance of AGN. The com-
parison of the model predictions with observational � distribu-
tions at low redshifts, where the population of low-luminosity
is accessible, is still plagued by the combination of selection
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e↵ects and uncertainties concerning the bolometric correc-
tions and the adopted method pf measuring the BH mass, so
current data still do not allow drawing firm conclusions. To
alleviate the e↵ects of the above biases and uncertainties by
increasing the statistics, we propose a test at z & 2 based on
the fraction of low-luminosity AGN (LAGN  1044 erg s�1)
with high Eddington ratios � � 0.5 at z & 2. The presence of
a peak at low luminosities (LAGN <⇠ 1044 erg s�1) would indi-
cate a significant contribution of the DI mode to the growth
of supermassive BHs. Finally, we note that our results for the
small scatter of the �-distribution in the DI scenario compared
to the IT mode agree with those obtained from semi-empirical
studies by Shankar et al. (2012, 2013).

We stress that the DI and IT modes actually constitute schematic
representations of the actual AGN fueling process. The first case
applies to isolated galaxies, where perturbations a ⇡ 0.1�0.3 of
the potential �a = a�0 with respect to the axisymmetric thin
disk potential �0 develop when the gas mass exceeds a criti-
cal value (Eq. (4)); in this case, the HQ11 model describes the
corresponding mass inflow attainable in the galaxy nucleus. On
the other hand, the IT model corresponds to a scenario where
the large quantities of gas destabilized during encounters cannot
be regarded as disk perturbations, and derives the corresponding
nuclear feeding from the model by Cavaliere & Vittorini (2000).
Of course, intermediate situations may arise in minor merging
events, where the gas destabilized during encounters or fly-by
can be regarded as a perturbation of the potential. This makes
it subject to the accretion limits give by the HQ11 model, which
constitutes an interesting development of the model that we shall
explore in a later paper.

To what extent do the HQ11 description implemented in
our semi-analytic model represent the observed features gener-
ally associated to disk instabilities? As for the star formation
properties of DI hosts, Silverman et al. (2009) have studied the
correlation between ṀBH and the total star formation in galax-
ies hosting a AGN in isolated (non-merging) systems. Using a
large sample of galaxies from the zCOSMOS survey, they se-
lected a sample of moderately luminous AGN with no structural
signs of recent interactions with other galaxies, so the best can-
didates to probe the DI scenario. They find that the median ratio
Ṁ⇤/ṀBH ⇡ 102 almost constant in the redshift range z ⇠ 0.5�1.
This ratio is in good agreement with A⇤,DI = 100 of our fiducial
DI case computed in Appendix on the basis of the HQ11 model
and with the results of the simulations by Hopkins & Quataert
(2010) and Bournaud et al. (2011).

As for the morphological properties of AGN in the DI sce-
nario, Bournaud et al. (2012) compare a sample of 14 clumpy
galaxies at z = 0.7 with a sample of 13 stable and smoother
galaxies at the same redshift. Since those clumpy galaxies are
found to be on the main sequence of star formation and do
not show clear signs of recent interactions, the authors infer
that DI rather than mergers may be responsible for this activity.
Using emission line diagnostic, they find that clumpy disks have
a higher probability of containing moderately luminous AGN
(bolometric luminosity between 1043 erg s�1 and 1044 erg s�1.
Since the most powerful accretion episodes driven by DI are
thought to be associated with clumpy morphologies and high
gas fractions (see, e.g., Ceverino et al. 2010; Bournaud et al.
2011), the observed morphologies of low-intermediate AGN
hosts are consistent with those expected in the DI description im-
plemented here (Sect. 3.2.1). Thus, the description of DI adopted
here and implemented in our semi-analytical model seems to

capture the morphological and star formation signatures gener-
ally associated to AGN powered by DI.

How robust are our conclusions concerning the ine�ciency
of DIs in powering bright QSOs? The drop in the e↵ectiveness
of DI in accounting for bright AGNs is due to the strong de-
pendence on the B/T ratio (or, equivalently, on fd) in Eqs. (7)
and (8). Such a dependence has been measured in simulations
in a wide range of initial conditions and of galaxy properties
(such as equation of state of the inter-stellar medium, and super-
novae feedback, see Hopkins & Quataert 2010), so it seems to
constitute a robust feature of DI accretion mode. In addition, we
adopted values a = 0.3 for the amplitude of disk disturbances
in the DI case. This actually constitutes an upper limit to val-
ues measured in simulations, which range from 10�2 to 3 ⇥ 10�1

(Hopkins & Quataert 2010), so again the e↵ects of DI on the
luminosity functions in Fig. 4 are actually upper limits. Indeed,
Bournaud et al. (2011) study disk galaxies at z ⇡ 2 using both
analytical and numerical estimates for the accretion rate onto
the central BH in galaxies with high gas surface density contin-
uously fed by gas streams. In their aimed and isolated galaxy
simulations, they start from highly unstable (Q < 1) and gas-
rich disks ( fgas ⇠ 0.5). The gas reservoir is supposed to be
continuously fed by cold gas streams, and gravitational insta-
bility plays a crucial role in feeding the central BH. Assuming
MBH/Mblg ⇠ 3 ⇥ 10�3 at z ⇠ 2, for a galaxy of barionic mass
1011 M� and MBH ⇠ 108 M�, they obtain ṀBH ⇠ 0.04 M� yr�1

from their analytic estimate and a corresponding bolometric lu-
minosity LAGN ⇡ 2 ⇥ 1044 erg s�1, corresponding to modest
X-ray luminosities LX ⇡ 1042�1043 erg s�1. This is also the
range of luminosities where the observational support of the rel-
evance of DI in isolated galaxies is stronger, as noted above (see,
e.g., Silverman et al. 2009; Bournaud et al. 2011). It is interest-
ing to note that simulations suggest that the accretion episodes
triggered by DIs is spread over a longer period (up to 10 times)
compared to IT events (Bournaud et al. 2011); this constitutes an
interesting issue that we plan to take on in a another paper.

We have also investigated the robustness of our results to
changes in the modelling of the bulge growth during the nuclear
starbursts associated to the gas inflows. Since all the inflowing
gas is either feeding the BH or converted into stars, we only need
to verify the e↵ects of varying the assignment of these stars to
the bulge or to the disk component. Performing such a check
yields no appreciable variation in our results, even in the DI case.
In fact, although the bulge indeed stabilizes the disk (Eqs. (8)
and (9)) show that increasing B/T yields lower inflows due to
disk instability), the contribution of starbursts to the stellar bud-
get of the model galaxies is minor in the IT case (as shown by
Lamastra et al. 2013a) and even more in the DI model, as also
supported by observational data (see Rodighiero et al. 2011), ex-
cept at very high redshifts z > 4 where the IT mode (not depend-
ing on the partition of stars in bulge or disk) is dominant anyway.

The above considerations imply that the growth of the bulge
cannot e↵ectively act as a suppression factor to provide low-
luminosity AGN in galaxies with massive BHs, which are not
produced in the DI scenario (see Fig. 7). In our cosmological
framework, these objects can be naturally yielded in the IT sce-
nario, since massive BHs reside (on average) in high-mass galax-
ies which a) at low redshift accrete mainly small clumps; and
b) have formed from condensations collapsed in biased, high-
density regions of the density field and thus have converted most
of their gas into stars (and in the BH feeding) at high redshift,
leaving little fuel for the subsequent star formation and BH feed-
ing processes. The triggering interactions correspond to minor
merging (smooth accretion of small lumps, with masses as low
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as 10�2�10�3 the host mass) and fly-by events. It is not easy
to observationally catch one of these events in the act, since
(a) they produce intrinsically less disturbance in the host galaxy
making them hard to identify morphologically; and (b) the sys-
tems only appear disturbed for a short period of time (compared
with the AGN active phase, see Storchi-Bergmann et al. 2001).
In fact, they are not expected to yield an appreciable enhance-
ment in the clustering of AGN hosts (see Taniguchi 1999; see
also Stewart 2009; Lotz et al. 2011). Thus the controversial ob-
servational results concerning the clustering of the AGN hosts –
see Li et al. (2006), Pierce et al. (2007), Darg et al. (2010) for
negative evidence, and Alonso et al. (2007), Woods & Geller
(2007), Rogers et al. (2009), Koss (2010), and Ellison (2011) for
an enhanced fraction of close pairs of AGN hosts compared to
control samples – can hardly provide a definite clue to the mi-
nor merging/fly-by scenario (also because of the dependence of
the results on the clustering scale). A support for the interaction-
based picture can be found in the bluer colours of galaxies close
to AGN hosts (see Shirasaki et al. 2011; Kollatschny et al. 2012),
and in the observations of specific individual cases (see, e.g.,
Gonzalez Delgado et al. 2002; Anderson et al. 2013 and refer-
ences therein). Finally, we note that an alternative (or comple-
mentary) possibility is the direct accretion of hot halo gas dis-
cussed and implemented in Croton et al. (2006).

As for the relation between inflow and star formation, we
recall that an equilibrium amongst the two is assumed in HQ11
model to derive the limit accretion rates attainable in the nucleus.
What would happen if this equilibrium were not respected?
Actually, di↵erent scenarios are possible. First of all, consider
the case of a huge mass inflow into the central region of the
galaxy: if the gas flows rapidly, it is possible that star formation
is not able to contrast the inflow so equilibrium is not reached.
Since the surface density of star formation rate ⌃̇⇤ decreases with
increasing radius (Eqs. (A.15), (A.19) and (B.11)), we expect
that only the very inner region (R < RBH) could su↵er from this
kind of problem. Furthermore, since the star formation rate is no
longer able to contrast the inflow, we can assume that ⌃̇⇤ could
reach a maximum and constant value. Thus, the mass inflow can
be simply evaluated using Eq. (5) with ⌃g ' const instead of us-
ing the equilibrium equation (at least in the very inner region). If
we use Eq. (5) to evaluate the mass inflow, we obtain a mass in-
flow Ṁ / R

3
2 , which is actually steeper than that obtained when

equilibrium is reached (Ṁ / R
5
6 ). Since the mass inflow is the

same for both cases out of a certain radius, when moving to-
wards the centre the inflow will drop more if the Ṁ⇤ saturates
leading to a less e↵ective final inflow rate onto the central BH.
Thus, assuming that equilibrium is always reached provides up-
per limits to the real mass inflow rate, so our basic conclusions
remain valid. On the other hand, it is also possible that when gas
density is low enough, both mass inflow and/or star formation
could be altered. But since low ⌃g is in general correlated with
low mass inflow (Eq. (5)), star formation is usually more e↵ec-
tive in these cases and consumes most of the gas, suppressing the
mass inflow; again, considering the equilibrium, we are actually
overestimating the mass inflow rate.

A final fundamental question that remains open concerns the
balance between the IT and the DI modes for low-intermediate
luminosity AGN. In fact, in such a luminosity range, Fig. 4
shows that both modes could provide the bulk of the AGN
population. Although disentangling the contributions from the
two is not an easy task, the results in the present paper pave
the way to several interesting possibilities. One specific pre-
diction that will allow to constrain the contribution DIs to the

BH growth is constituted by the luminosity distribution of hosts
with high Eddington ratio (see Fig. 8). Other predictions con-
cern the small variance in the paths followed by galaxies evolv-
ing in the MBH �M⇤ plane if BH are fed by DIs. This means that
in such a scenario BH growth ṀBH and star formation Ṁ⇤ are
tightly related, a situation that can be readily tested by compar-
ing the model predictions with observed LAGN � Ṁ⇤ relations or
with the observed colour distribution of AGN hosts. We plan to
develop such comparisons in detail in our next paper.
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Appendix A: Black hole accretion rate and nuclear

star formation rate from disk instabilities:

the case of power-law surface density profiles

Following the computation in HQ11, we solve Eqs. (5) and (6)
for both ⌃g and Ṁinfl. To this aim, we consider two distinct re-
gions: an outer region where the potential is dominated by the
disk, and an inner region where the BH gravity is dominant. The
radius RBH ⇠ 10 pc marks the separations between the two re-
gions, while the scale Racc ⇠ 0.1 pc corresponds to the inner
bound of the innermost regions where we want to compute the
BH accretion rate in Eq. (7).

A.1. The potential

To estimate the potential in the outer regions (from ⇠10 pc
to ⇠100 pc), HQ11 adopt the WKB approximation to estimate
the perturbation amplitude �a ⇡ |a|max2⇡G⌃dR|kR|�1, taking
|kR| ⇠ 1 since they are considering global modes. On the basis
of aimed N-body simulations (Hopkins & Quataert 2010a) the
dominant mode is assumed to be m = 2 and the maximal pertur-
bation amplitude |a|max ⇡ 0.3 fd(R) is taken to be proportional to
the disk fraction fd(R) for any radius R. In the inner one (from
Racc ⇠ 0.1 pc to RBH ⇠ 10 pc), the potential is dominated by the
BH and �a ⇡ |a|maxGMd(RBH)/RBH, with |a|max ⇡ 0.2 fd(RBH).
In this region, the dominant mode is m = 1, also motivated by
simulations.

A.2. The gas surface density

In both regions, disk, bulge and gas surface densities are as-
sumed to be described by power-law profiles, that is, ⌃d / R�⌘d ,
⌃b / R�⌘d , ⌃g / R�⌘g . In addition, HQ11 assume the disk to be
stellar dominated so that the total surface density ⌃t = ⌃b +⌃d /
R�⌘d , and the disk fraction fd =

R
⌃d R dR/

R
⌃t R dR is constant

with radius.
With this assumptions it is possible to solve Eqs. (5) and (6)

for both the gas density ⌃g and the mass inflow rate dMinfl/dt.
In particular, in the inner region Racc  R  RBH where the BH
dominates the potential � in Eq. (5), Eq. (6) yields

 
⌃g

⌃k

!⌘k�1

inner
=

3⌘k � 4
20⇡(⌘k � 1)

s
GMBH

R3
BH

tk

 
R

RBH

!�1/2

fd

Racc  R  RBH (A.1)

while in the outer region RBH  R  R0, where the potential � is
dominated by the disk, the same equations yield

 
⌃g

⌃k

!⌘k�1

outer
= ↵d

 
⌃d

⌃t

!2

⌦ tk

with

↵d=
ma0 � 2⌘d � ⌘g + 3(⌘d + 1)/2|(2 � ⌘d)2

8⇡(2 � (⌘d + 1)/2)
RBH  R  R0

(A.2)

where⌦ =
h
G 2⇡

R R
0 (⌃d+⌃b) R dR/R3

i1/2
is the angular velocity

of the disk.

A.3. The boundary conditions

To compute the accretion flow in the inner region Racc  R 
RBH, we can use Eq. (A.1) to solve Eq. (6). However, the two
density profiles in Eqs. (A.1) and (A.2) are not matched to ensure
a continuous mass flux at the boundaries RBH and R0. In princi-
ple, one could impose a continuity condition for such equations
at all times. Since the boundaries move as accretion proceeds,
this would require a detailed treatment following the dynamical
evolution of the boundaries and of the mass flux across them.
Following HQ11, we adopt a simplified approach by we keeping
the density profiles in Eqs. (A.1) and (A.2), and we impose the
mass conservation directly in Eqs. (6). Thus, we write the latter
as

dMinfl

dt
= 2 ⇡R dR

⌃k

tk

 
⌃g

⌃k

!⌘k

A(RBH,R0) (A.3)

where A(RBH,R0) expresses the proper boundary conditions, i.e.,
the mass conservation across the boundaries RBH and R0. To
compute such a quantity, we note that the mass accreted into
the inner region (Racc  R  RBH) must equal the disk mass that
has flown across RBH. We indicate with �Mg the mass inside the
boundary RBH computed after integrating Eq. (A.1), and with
A(RBH,R0)�Mg the actual mass accreted in the inner region af-
ter matching with it with the mass flown from the disk. In a time
interval �t, we must have

A(RBH,R0)�Mg

�Mg
= A(RBH)

=
Ṁg(RBH, outside)

Ṁg(RBH, inside) +
R RBH

Racc
⌃g,inner(R) 2⇡R dR/�t

· (A.4)

We must have Ṁg(RBH, outside) = Ṁg(RBH, inside). Estimating
exactly such a quantity would require a dynamical descrip-
tion of the variation of the boundary with time and of the
mass flux across it. However, a simple – though approximate –
estimate of such a quantity can be obtained by computing
it as the mass lost from a disk during �t (divided by �t).
This can be obtained after integrating the disk density pro-
file A.2 extrapolated down to R = 0, so that Ṁg(RBH, outside) ⇡
B(R0)

R RBH

0 ⌃g,outer(R) 2⇡R dR/�t. The quantity B(R0) is the nor-
malization corresponding to the boundary condition at the galac-
tic scale R0, which ensures that the mass flux outside the bound-
ary R0 matches with that in the region RBH  R  R0. We then
obtain

A(RBH,R0) =
1

1 +
R RBH

Racc
⌃g,inner(R) 2⇡R dR/B(R0)

R RBH

Racc
⌃g,outer(R) 2⇡R dR

=
1

1 + 2.5 f �4/3
d /B(R0)

(A.5)

where the last equality follows after performing the integrals
over ⌃g,inner and ⌃g,outer given in Eqs. (A.1) and (A.2). The quan-
tity A(RBH,R0) acts like a suppression factor; when the mass in-
flow obtained using the (unmatched) density distributions (A.1)
and (A.2) yields an inflow rate that exceeds the gas mass actu-
ally available from the disk at the position RBH, it suppresses the
mass flux so as to maintain it lower or equal to this mass. In fact,
for high values of �Mg(outside,RBH) we get A(RBH,R0) = 1.
No suppression is needed since the disk mass available from the
disk is high.
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The quantity B(R0) in Eq. (A.3) can be obtained by iterating
the same mass-matching procedure exactly, but applying it to the
outer boundary R0. In terms of the disk mass Md(R0) within R0
and of the corresponding gas mass Mg(R0) = fgas Md(R0), the
result reads as

B(R0) =
1

1 +
R R0

Racc
⌃g,outer(R) 2⇡R dR/Mg(R0)

=
1

1 + f0/ fgas

with

f0 ⇡ 0.2 f 2
d

 
Md(R0)
109 M�

!�1/3

fgas ⌘
Mg(R0)
Md(R0)

· (A.6)

The physical meaning of the boundary factor B(R0) is to match
the gas available in the galactic disk (given by the semi-analytic
model) with the gas corresponding to the profile ⌃g inside R0.
In the original HQ11 model, the gas density profile ⌃g in the
external region has a slightly higher normalization to interpo-
late between the marginal and the strong orbit crossing regimes;
however, when such a factor is included, its e↵ects on Eqs. (A.6)
and (A.5) balance, leaving our results unchanged.

A.4. The BH inflow rate

We now proceed to solve Eq. (A.3) to derive the mass inflow rate
Minfl close to the inner bound Racc. HQ11 first consider Eq. (6)
in a ring close to Racc and small enough that the surface density
⌃g can be considered to be constant. This yields

dMinfl

dt
(Racc) ' ⇡R2

acc
⌃k

tk

 
⌃g(Racc)
⌃k

!⌘k

A(RBH,R0). (A.7)

After substituting Eq. (A.1) computed ad the inner radius Racc
the above equation reads

dMBH

dt
⌘ dMinfl

dt
(Racc) = ⇡⌃kt

1
⌘k�1

k

 
Racc

RBH

! 3⌘k�4
2(⌘k�1)

⇥ R2
BH

2
6666664

3⌘k � 4
20⇡(⌘k � 1)

0
BBBB@
GMBH

R3
BH

1
CCCCA

1
2

fd

3
7777775

⌘k
⌘k�1

A(RBH,R0).

(A.8)

Equation (A.8) represents the mass inflow in the inner region
corresponding to the BH accretion rate. We can relate RBH to
MBH in terms of the disk mass within RBH through the rela-
tion Mt(RBH) ' MBH. The mass Mt is computed as Mt(RBH) =R RBH

0 2⇡⌃tRdR. For a power-law profile ⌃t = A⌃t R
�⌘d we can

readily express RBH as a function of Mt = MBH to obtain

RBH =

 
MBH

2 � ⌘d

2⇡A⌃t

! 1
2�⌘d
. (A.9)

Substituting in Eq. (A.8) yields

dMBH

dt
= ⇡⌃kt

1
⌘k�1

k

"
3⌘k � 4

20⇡(⌘k � 1)
G

1
2
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BH f
⌘k
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d
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2⇡A⌃t

! ⌘k�4
2(⌘k�1)(2�⌘d)

A(RBH,R0).

(A.10)

We are now interested in expressing Eq. (A.8) using physical
quantities evaluated far from the very central region, at galactic
scales R = R0 ⇠ 102�103 pc, in order to derive the BH ac-
cretion rate from quantities computed from our semi-analytic
galaxy formation model. To this aim, we note that, for any disk
profile ⌃d, it is possible to combine R0 and the associated en-
closed disk mass Md(R0) =

R R0

0 2⇡⌃d RdR to yield convenient
constant quantities. In particular for a power-law profile, after
some algebra, the last two factors in Eq. (A.10) can be recast as

f
⌘k
⌘k�1

d

 
2 � ⌘d

2⇡A⌃t

! ⌘k�4
2(⌘k�1)(2�⌘d)

= Md(R0)
4�⌘k

2(⌘k�1)(2�⌘d) R
⌘k�4

2(⌘k�1)

0 f
5⌘k�4�2⌘d⌘k
2(⌘k�1)(2�⌘d)

d .

(A.11)

After substituting in Eq. (A.10) this reads as

dMBH

dt
= ⇡⌃kt

1
⌘k�1

k

"
3⌘k � 4

20⇡(⌘k � 1)
G

1
2

# ⌘k
⌘k�1

 
Racc

RBH

! 3⌘k�4
2(⌘k�1)

⇥ M
3⌘k�4�⌘k⌘d

2 (⌘k�1) (2�⌘d)

BH Md(R0)
4�⌘k

2(⌘k�1)(2�⌘d) R
⌘k�4

2(⌘k�1)

0 f
5⌘k�4�2⌘d⌘k
2(⌘k�1)(2�⌘d)

d A(RBH,R0).
(A.12)

We can express the above equation in physical units, which
yields

dMBH

dt
= ↵(⌘k, ⌘d)

 
Racc

10�2RBH

! 3⌘k�4
2(⌘k�1)

 
MBH

108 M�

! 3⌘k�4�⌘k⌘d
2 (⌘k�1) (2�⌘d)

⇥
 

Md(R0)
109 M�

! 4�⌘k
2(⌘k�1)(2�⌘d)

 
R0

100 pc

! ⌘k�4
2(⌘k�1)

f
5⌘k�4�2⌘d⌘k
2(⌘k�1)(2�⌘d)

d A(RBH,R0)
M�
yr
,

(A.13)

where we have gathered all constant terms into the normalization

↵(⌘k, ⌘d) = ⇡ (0.4)
1
⌘k�1

 
2.2

3⌘k � 4
20⇡(⌘k � 1)

! ⌘k
⌘k�1

10
32�15 ⌘k�14 ⌘d+7 ⌘k ⌘d

2(⌘k�1)(2�⌘d) .

(A.14)

The above expression is the BH accretion rate for generic power-
law surface density profiles. After assuming a power law in-
dex ⌘d = 1/2 for the gas surface density profile and an in-
dex ⌘k = 7/4 for the Kennicut-Schmidt star formation law, the
above equation yields Eq. (9) in the main text and a normal-
ization ↵(⌘k, ⌘d) = 0.18. As noted by HQ11, assuming di↵er-
ent values for ⌘d and ⌘k has only a minor e↵ect on the expo-
nents in Eq. (A.13), but has a significant impact on ↵(⌘k, ⌘d).
For example, changing the ⌘k to the value ⌘k = 3/2 yields
↵(⌘k, ⌘d) = 3.17. In the main text, we assume a reference value
for ↵(⌘k, ⌘d) = 10 to investigate the maximal contribution of the
DI mode to the evolution of the AGN population.

A.5. The nuclear star formation rate

The contribution to the star formation rate can be calculated in-
tegrating star formation surface density rate ⌃̇⇤ over the region
of interest. The latter is related to the gas surface density by the
Schmidt-Kennicut law ⌃⇤ /

⇣
⌃g

⌘⌘k . For the inner region, ⌃g is
described by Eq. (A.1). Since all the terms in Eq. (A.1) are con-
stant but the radius, we obtain

d⌃⇤
dt
/ R�

⌘k
2(⌘k�1) . (A.15)
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The normalization can be estimated considering the value that
the star formation rate assumes in R = Racc. This can be done
easily since the mass inflow in R = Racc is strictly related to
star formation surface density rate by Eq. (6) and gives ṀBH =
Ṁinfl(Racc) ' ⇡R2

acc⌃̇⇤(Racc). Thus, the star formation surface den-
sity rate in the inner region is equal to

d⌃⇤
dt
=

dMBH

dt
1
⇡R2

acc

 
R

Racc

!� ⌘k
2(⌘k�1)

. (A.16)

The contribution to the star formation rate in the inner region is
then obtained by integrating (A.16) from Racc to RBH:

dM⇤,inner

dt
=

Z RBH

Racc

2⇡
dMBH

dt
1
⇡R2

acc

 
R

Racc

!� ⌘k
2(⌘k�1)

RdR

=
dMBH

dt
4(⌘k � 1)
3⌘k � 4

R
�3⌘k+4
2(⌘k�1)
acc

 
R

3⌘k�4
2(⌘k�1)

BH � R
3⌘k�4

2(⌘k�1)
acc

!
. (A.17)

For the fiducial model, assuming ⌘k = 7/4 and Racc ' 10�2RBH,
we obtain
dM⇤,inner

dt
' 109

dMBH

dt
· (A.18)

The same calculations can be performed for the outer region us-
ing the corresponding ⌃g / R�

⌘d+1
2 ; here the scaling and the ex-

ponent ↵d are given in Eq. (A.2). This yields

d⌃⇤
dt
/ R�

⌘k(⌘d+1)
2(⌘k�1) . (A.19)

The normalization can be computed imposing continuity be-
tween the inner and the outer region. Using Eq. (A.16)

d⌃⇤
dt
=

dMBH

dt
1
⇡R2

acc

 
RBH

Racc

!� ⌘k
2(⌘k�1)

 
R

RBH

!� ⌘k(⌘d+1)
2(⌘k�1)

. (A.20)

Integrating Eq. (A.20) from RBH to R0, we obtain the star forma-
tion rate in the outer region for the fiducial model:

dM⇤,outer

dt
=

dMBH

dt
4(⌘k � 1)

(�⌘k ⌘d + 3⌘k � 4) R2
acc

 
RBH

Racc

!� ⌘k
2(⌘k�1)

⇥ R
⌘k(⌘d+1)
2(⌘k�1)

BH

 
R
�⌘k ⌘d+3⌘k�4

2(⌘k�1)

0 � R
�⌘k ⌘d+3⌘k�4

2(⌘k�1)

BH

!
. (A.21)

Assuming ⌘k = 7/4, ⌘d = 1/2, and Racc ' 10�2RBH, we obtain

dM⇤,outer

dt
' 289

dMBH

dt
. (A.22)

Appendix B: Black hole accretion rate and nuclear

star formation rate from disk instabilities:

the case of exponential surface density profiles

Here we follow the same procedure as adopted in Appendix A,
changing only the surface density profile (and the correspond-
ing potential) of the galactic disk. In particular, we consider a
thin disk whose density profile is described by the following
exponential-law:

⌃d(R) = ⌃0e�R/Rd , (B.1)

where Rd is the exponential length of the disk and its order a few
kpc. The potential associated to the disk is (Binney & Tremaine
1987)

�(R) = �⇡G⌃0R
⇥
I0(y)K1(y) � I1(y)K0(y)

⇤
(B.2)

where y ⌘ R/2Rd and In, Kn are the modified Bessel function
of first and second kinds. Since both the disk and the bulge ex-
ponential length are much greater than scales of our interest, we
can use the asymptotic form for the modified Bessel function; as
a result, we obtain

�(R) ⇡ �2⇡G⌃0Rd (B.3)
⌃d(R) ⇡ ⌃0. (B.4)

We note that in this case the disk surface density and the poten-
tial are computed self-consistently, at variance with the previous
case where we assumed a WKB form for the potential and a
power-law form for the surface density.

Following the same procedure as adopted in Appendix A,
we consider two regions: an outer region where the potential is
dominated by the disk, and an inner region where the BH gravity
is dominant. The radius RBH ⇠ 10 pc marks the separations be-
tween the two regions, while the scale Racc ⇠ 0.1 pc corresponds
to the inner bound of the innermost regions where we want to
compute the BH accretion rate. The potential of the disk is only
needed to calculate the analytic expression for ⌃g in the outer
region, where the BH does not dominate the potential.

In the inner region, the potential is dominated by the BH,
and the computation of the BH accretion rate follows the lines
shown in Appendix A exactly, changing only the scaling of the
disk radial profile by adopting ⌘d = 0, to achieve a constant ⌃d
as given by Eq. (B.4). Thus, the BH accretion rate is given by the
same Eq. (A.13) with ⌘d = 0. However, the boundary condition
A(RBH,R0) is di↵erent from Appendix A, since it depends on
the gas surface density ⌃g,outer in the region R > RBH where the
potential and the surface densities need to be recomputed (see
Eqs. (A.5) and (A.6)). Also, the contribution to the nuclear star
formation from such a region R > RBH has to be recomputed,
since it also depends on ⌃g,outer.

To compute⌃g,outer in the outer region we start from the per-
turbed potential in the outer region

|�a| ⇡ a0 fd�0 =
2a0⇡2G2⌃2

0Rd

⌦2R
(B.5)

with a0 ⇠ 0.3 and m = 2, motivated by simulations. Substituting
the above expression into Eq. (5) we obtain for the outer region
(from RBH to R0)

@

@R

 
dMinfl

dt

!
= ma0⌃g

1
⌦3R2

⇡2G2⌃2
0Rd

(2 + ⌫⌦)
| � ⌘g � 3⌫⌦ � 1|

= ↵E⇡⌦

 
⌃0

⌃t

!2

⌃gRd (B.6)

with

⌫u ⌘
@ln u
@ln R

and ↵E ⌘
ma0

⇡

| � ⌘g � 3⌫⌦ � 1|
(2 + ⌫⌦)

(B.7)

where we have used the relation ⌦2 R = G
R

2 ⇡⌃t R dR, and
⌃t is the total (disk + bulge) surface density profiles (see
Appendix A). Substituting such an expression in Eq. (6) yields
 
⌃g

⌃k

!⌘k�1

outer
=
↵E

2

 
⌃0

⌃t

!2
⌦tkRd

R
· (B.8)

That is the equation for ⌃g in the outer region RBH  R  R0
and the counterpart of Eq. (A.2) in the case of an exponential
disk surface density profile; in the inner region Racc  R  RBH,
the analytic expression for ⌃g is the same as Eq. (A.1), since this
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region is dominated by BH potential. We can now recompute the
boundary conditions A(RBH,R0) and B(R0). To this aim, we use
Eqs. (A.5) and (A.6), but adopting the expression in Eq. (B.8)
for the gas surface density in the outer region ⌃g,outer. This yields

A(RBH,R0) =

0
BBBBBB@1 +

4⌘k � 7 � ⌘d

4⌘k � 5

 
⌃0

⌃t

Rd

RBH

↵E

2↵BH

!� 1
⌘k�1

/B(R0)

1
CCCCCCA

�1

.

(B.9)

In practice, the right-hand term in the parenthesis is extremely
small, owing to the choice of ⌘k, ⌘d ( ⌘d ⇠ 0 since ⌃0 is almost
constant) and to the factor Rd/RBH, so that the above expression
for the case of an exponential disk always yields A(RBH,R0) ⇡ 1,
independently of the outer boundary condition, which anyway
reads (in the case ⌘k = 7/4)

B(R0) ⇡
"
1 + 26

f0
fgas

 
Rd

R0

!4/3#�1

(B.10)

where f0 and fgas are those given in Eq. (A.6). Thus, in the main
text, we adopt the excellent approximation A(RBH,R0) = 1.

As for the nuclear star formation, the contribution from
the inner region Racc  R  RBH is the same as given
in Eq. (A.17), since in this region the potential is dominated

by the BH. In the outer region, we follow the procedure pre-
sented in Sect. A5, based on the relation ⌃⇤,outer / ⌃⌘k

g,outer, with
the latter quantity taken from Eq. (B.8). This yields

d⌃⇤
dt
=

dMBH

dt
1
⇡R2

acc

 
RBH

Racc

!� ⌘k
2(⌘k�1)

 
R

RBH

!� ⌘k(⌘d+3)
2(⌘k�1)

. (B.11)

Integrating Eq. (B.11) from RBH to R0, we obtain

dM⇤,outer

dt
=

dMBH

dt
4(⌘k � 1)

(�⌘k ⌘d + ⌘k � 4) R2
acc

 
RBH

Racc

!� ⌘k
2(⌘k�1)
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!
. (B.12)

Taking ⌘k = 7/4, ⌘d = 0, and R0 = 100 pc,

dM⇤,outer,exp

dt
=

4
3

dMBH

dt
R

7
3
BHR

� 5
6

acc

✓
R�

3
2

BH � R�
3
2

0

◆
' 60

dMBH

dt
.

(B.13)

At variance with the case of power law profile given in
Eq. (A.21), the star formation rate does not diverge with increas-
ing R0, due to the exponential decay of the disk surface density.
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